In this paper, the classical work on wind turbine is reviewed, starting from the ground work of Rankine and Froude, then revisiting the minimum energy condition of Betz, and applying modern computing techniques to build codes, based on the vortex model of Goldstein that are both fast and reliable. Such numerical simulations can be used to help analyse and design modern wind turbines in regimes where the flow is attached. Much of the work has been developed under the impulsion of General Electric whose support is gratefully acknowledged. The vortex model has reached a mature state which includes capabilities to model unsteady flows due to yaw, tower interference and earth boundary layer as well as flows past rotors with advanced blade tips that have sweep and/or winglets. When separation occurs on the blades, a higher fidelity model is presented, called the hybrid method, which consists in coupling a Navier-Stokes solver with the vortex model, the Navier-Stokes code solving the near blade flow whereas the vortex model convects the circulation to the far field without dissipation and allows for accurate representation of the induced velocities. Further development of the vortex model includes its coupling with a blade structural model to perform aeroelasticity studies.
Introduction
Wind-driven machines can be classified according to the orientation of their axis relative to the wind direction. Cross wind-axis machines have their axis in a plane perpendicular to the incoming wind velocity vector; wind-axis machines have their axis parallel to the incoming air flow. This fundamental difference impacts the study of these two types of machines: under the simplest of assumptions of constant wind speed, constant rotation speed and isolated rotor (neglecting support interference), the flow past a wind-axis machine, considered in a frame rotating with the blades is steady, whereas, for a cross wind-axis machine it is always unsteady. Unsteady flows are more complex and costly to analyse analytically and numerically. For this reason we will focus our attention on wind-axis machines. Sources of unsteadiness for wind-axis machines are yaw, when the wind direction is not aligned with the rotor axis, tower interference, earth boundary layer, wind gusts and, ultimately, blade deflection. This will be considered in Section 6 on unsteady flow. Prior to that, Section 2 will discuss the general 1-D conservation theorems, commonly called actuator disk theory. Section 3 will introduce the vortex model based on Goldstein 'airscrew theory' with the treatment of the vortex sheets and the derivation of the torque and thrust in the spirit of Prandtl lifting line theory. A discretisation of the vortex sheet as a lattice is proposed for the application of the Biot-Savart law. The next section, Section 4, deals with the design of the optimum rotor, discusses the minimum energy condition of Betz and gives a more general result for the optimum condition. Section 5 is devoted to the analysis problem that is of finding the solution of the flow past a given rotor. A technique for handling high incidences and stalled flow on the blades is detailed and illustrated with an example. In Section 6 the extension of the method to unsteady flow is presented. The key issues are discussed. The effects of yaw and tower interference are assessed and the limits of the method shown by comparisons with experiments. Section 7 discusses the hybrid method of coupling a Navier-Stokes code with the vortex model as a means to achieve high fidelity modelling of viscous effects. This is followed, in Section 8, by perspectives and further development currently under way.
Aerodynamics forces -lift and drag
The aerodynamic forces acting on an obstacle are decomposed into lift and drag components, − → F = − → D + − → L , the drag being a force aligned with the incoming velocity as seen by the body and the lift being a force perpendicular to it. This decomposition is made in a frame of reference attached to the blade element, as pertinent to a moving machine. This is depicted in Figure 1 . The wind velocity − → V , and the velocity of the element − → V e in the absolute frame give the velocity of the fluid relative to the obstacle as
The drag is aligned and in the direction of − → V r . The lift is rotated 90 deg opposite the circulation Γ developed inside the profile.
Some wind machines are drag-driven, such as the Savonius wind turbine, whereas some are lift-driven as the Darrieus and the wind-axis turbines. The drag-driven machines are less efficient as the velocity of the device is always less than the wind velocity. Such systems are more useful as propulsive than power producing systems. The 15th century galleon such as Columbus 'Santa Maria' belongs to the category of drag-driven systems. The modern racing sail boats use their sails as aircraft wings and are examples of lift-driven systems. 
Savonius rotor
According to Wikipedia: "Savonius wind turbines are a type of vertical-axis wind turbine (VAWT), used for converting the power of the wind into torque on a rotating shaft. They were invented by the Finnish engineer Sigurd J. Savonius in 1922. Johann Ernst Elias Bessler (born 1680) was the first to attempt to build a horizontal windmill of the Savonius type in the town of Furstenburg in Germany in 1745. He fell to his death whilst construction was under way. It was never completed but the building still exists.
Savonius turbines are one of the simplest turbines. Aerodynamically, they are drag-type devices, consisting of two or three scoops. Looking down on the rotor from above, a two-scoop machine would look like an 'S' shape in cross section. Because of the curvature, the scoops experience less drag when moving against the wind than when moving with the wind. The differential drag causes the Savonius turbine to spin. Because they are drag-type devices, Savonius turbines extract much less of the wind's power than other similarly-sized lift-type turbines. Much of the swept area of a Savonius rotor is near the ground, making the overall energy extraction less effective due to lower wind speed at lower heights.
Savonius turbines are used whenever cost or reliability is much more important than efficiency. For example, most anemometers are Savonius turbines, because efficiency is completely irrelevant for that application. Much larger Savonius turbines have been used to generate electric power on deep-water buoys, which need small amounts of power and get very little maintenance. Design is simplified because, unlike horizontal axis wind turbines (HAWTs), no pointing mechanism is required to allow for shifting wind direction and the turbine is self-starting. Savonius and other vertical-axis machines are not usually connected to electric power grids. They can sometimes have long helical scoops, to give smooth torque.
The most ubiquitous application of the Savonius wind turbine is the Flettner Ventilator which is commonly seen on the roofs of vans and buses and is used as a cooling device. The ventilator was developed by the German aircraft engineer Anton Flettner in the 1920s. It uses the Savonius wind turbine to drive an extractor fan. The vents are still manufactured in the UK by Flettner Ventilator Limited.
Small Savonius wind turbines are sometimes seen used as advertising signs where the rotation helps to draw attention to the item advertised." (See Figure 2) Figure 2 Schematic drawings and operation of a two-scoop Savonius turbine
Darrieus rotor
According to Wikipedia: "The Darrieus wind turbine is a type of vertical axis wind turbine (VAWT) used to generate electricity from the energy carried in the wind. The turbine consists of a number of aerofoils vertically mounted on a rotating shaft or framework. This design of wind turbine was patented by Georges Jean Marie Darrieus, a French aeronautical engineer in 1931.
The Darrieus type is theoretically just as efficient as the propeller type if wind speed is constant, but in practice this efficiency is rarely realised due to the physical stresses and limitations imposed by a practical design and wind speed variation. There are also major difficulties in protecting the Darrieus turbine from extreme wind conditions and in making it self-starting.
In the original versions of the Darrieus design, the aerofoils are arranged so that they are symmetrical and have zero rigging angle, that is, the angle that the aerofoils are set relative to the structure on which they are mounted. This arrangement is equally effective no matter which direction the wind is blowing -in contrast to the conventional type, which must be rotated to face into the wind.
When the Darrieus rotor is spinning, the aerofoils are moving forward through the air in a circular path. Relative to the blade, this oncoming airflow is added vectorially to the wind, so that the resultant airflow creates a varying small positive angle of attack (AoA) to the blade. This generates a net force pointing obliquely forwards along a certain 'line-of-action'. This force can be projected inwards past the turbine axis at a certain distance, giving a positive torque to the shaft, thus helping it to rotate in the direction it is already travelling in. The aerodynamic principles which rotates the rotor are equivalent to that in autogiros, and normal helicopters in autorotation.
As the aerofoil moves around the back of the apparatus, the angle of attack changes to the opposite sign, but the generated force is still obliquely in the direction of rotation, because the wings are symmetrical and the rigging angle is zero. The rotor spins at a rate unrelated to the windspeed, and usually many times faster. The energy arising from the torque and speed may be extracted and converted into useful power by using an electrical generator.
The aeronautical terms lift and drag are, strictly speaking, forces across and along the approaching net relative airflow respectively, so they are not useful here. We really want to know the tangential force pulling the blade around, and the radial force acting against the bearings.
When the rotor is stationary, no net rotational force arises, even if the wind speed rises quite high -the rotor must already be spinning to generate torque. Thus the design is not normally self starting. It should be noted though, that under extremely rare conditions, Darrieus rotors can self-start, so some form of brake is required to hold it when stopped (see Figure 3 ).
One problem with the design is that the angle of attack changes as the turbine spins, so each blade generates its maximum torque at two points on its cycle (front and back of the turbine). This leads to a sinusoidal (pulsing) power cycle that complicates design. In particular, almost all Darrieus turbines have resonant modes where, at a particular rotational speed, the pulsing is at a natural frequency of the blades that can cause them to (eventually) break. For this reason, most Darrieus turbines have mechanical brakes or other speed control devices to keep the turbine from spinning at these speeds for any lengthy period of time ... ... In overall comparison, while there are some advantages in Darrieus design there are many more disadvantages, especially with bigger machines in MW class. The Darrieus design uses much more expensive material in blades while most of the blade is too near of ground to give any real power. Traditional designs assume that wing tip is at least 40 m from ground at lowest point to maximise energy production and life time. So far, there is no known material (not even carbon fiber) which can meet cyclic load requirements."
Horizontal axis wind turbine
In the rest of the chapter, the attention will be devoted to HAWTs which represent, today, the main type of wind power machines that are developed and installed in all parts of the world. Much efforts have been done in understanding better the flow past HAWT both experimentally and analytically. A major wind tunnel campaign has been carried out by the National Renewable Energy Laboratory (NREL) at the NASA Ames Research Centre large 80' × 120' wind tunnel facility (Hand et al., 2001) . They used a two-bladed rotor of radius R = 5 m with blades equipped with the S809 profile. A picture of the wind turbine in the wind tunnel is shown in Figure 4 . Note in particular the well defined evolution of the tip vortex visualised with smoke emitted from the tip of one blade. One can count seven or eight turns with regular spacing, despite the dramatic distortion due to the encounter with the tower when the blade tip vortex passes in front of it. 
General 1-D conservation theorems -actuator disk theory
As a first-order approximation, the flow past a HAWT is treated as quasi-one dimensional. The stream tube captured by the rotor is described by its cross-section A(x) and the velocity u, v, w) representing the uniform flow plus a perturbation (u, v, w) in cylindrical coordinates. At the rotor disk, the velocity is continuous, but the pressure is allowed to jump, as if the rotor had infinitely many blades and was equivalent to a porous disk. The stream tube boundary downstream of the disk allows for a discontinuity in axial velocity between the flow inside and outside the stream tube, called slip stream. As a further simplification, the flow rotation behind the rotor is neglected, hence the azimuthal velocity component is zero (w = 0).
Consider a cylindrical control volume/control surface Σ 3 with large diameter, containing the captured stream tube and bounded by two disks far upstream Σ 1 and far downstream Σ 2 located in what is called the Trefftz plane, see Figure 5 . At the upstream boundary, the incoming flow is uniform and undisturbed with velocity U aligned with the turbine axis, and pressure p ∞ . Downstream, at the Trefftz plane, the pressure returns to p ∞ , but the velocity inside the stream tube is less than the undisturbed value U outside of it. The flow is considered steady, incompressible (ρ = const.) and inviscid. Application of the conservation laws to the control volume/control surface yields the results known as Rankine-Froude (Rankine, 1865; Froude, 1889) or actuator disk theory. 
which can be broken into the various control surface contributions as
The cross section of the control volume is constant, hence Σ 1 = Σ 2 . After simplification, this reduces to
which means that the deficit or excess of volume flow through the exit section is compensated by the flow across the lateral surface of the cylinder. The conservation of
where T represents the thrust exerted by the flow on the rotor/actuator disk. This is expanded as
Note that, since pressure is constant and equal to p ∞ on all control surfaces, it does not contribute to the momentum balance. The last term on the left-hand-side can be evaluated using the result of mass conservation. Solving for T :
whereṁ = ρ(U + u)A = const. represents the mass flow rate in the stream tube and A = πR 2 , R denotes the radius of the rotor . Note that, since T > 0, then u 2 < 0 for a turbine.
The steady energy equation applies to the stream tube with one-dimensional entrance and exit sections:
W s = P represents the shaft work or power extracted (P < 0) from the flow by the rotor. Solving for P P =
After simplifying the above expression one finds
The power is also given by P = −T (U + u) = (U + u)ṁu 2 . From this, we conclude that u 2 = 2u.
Results of this analysis can be summarised in terms of the rotor/actuator disk parameters
If one introduces the thrust and power coefficients
The power coefficient is also interpreted as the efficiency, η. These are shown in Figure 6 in terms of u U . 
C P
The maximum value of the power coefficient |C P max | = 16/27 = 0.59 obtained for
3 is known as the Betz limit (Betz, 1926) . The maximum thrust on the tower corresponds to u U = − 1 2 , for which the final wake velocity is zero. More elaborate models have been developed from this simple one-dimensional model with the addition of rotation in the wake by Joukowski (1918) and others, but this requires making some empirical assumptions in order to be able to solve the equations. Instead of expanding more along these lines, we prefer devoting our time to a more realistic model, called the vortex model.
Vortex model and strip theory -the Goldstein model

General comments
The next level of modelisation is the extension of the Prandtl lifting line theory, developed by Prandtl (Prandtl and Betz, 1927) for studying the inviscid flow past finite wings, to the flow past a rotor. The fundamental difference is in the shape of the vortex sheet. Behind a wing, the vortex sheet, often called 'wake' even though the model is inviscid, can be assumed to be a surface generated by semi-infinite lines or vortices, originating at the sharp trailing edge of the wing and parallel to the incoming velocity vector. These vortices, according to the Biot-Savart formula, induce at the wing, represented as a single line (the lifting line), a velocity component w, perpendicular to the incoming flow, called 'downwash'. In contrast, behind a rotor, the vortex sheets are modeled as perfect helices, obtained by rotating and translating a segment of straight line perpendicular and in the same plane as the axis. Each blade is represented by such a segment and generates an individual vortex sheet. The rotation corresponds to the rotor speed of rotation Ω. The translation velocity varies from U + u at the rotor plane, to U +2u far downstream, as shown in the one-dimensional flow theory. These helicoidal surfaces are made of helicoidal vortices that induce, according to the Biot-Savart formula, velocity components that affect the local incidences of the blade elements through the axial and azimuthal contributions. This is the Goldstein model (Goldstein, 1929 ) (see Figure 7 ). The simplifications associated with this model are important to understand. The fundamental choice is to prescribe the shape of the vortex sheets as perfect helices. This is often described as prescribed wake model or rigid wake model. The same is true of the wake model in Prandtl lifting line theory, which is aligned with the undisturbed flow, yet yields very reasonable results. From a physical point of view, vortex sheets are surfaces of discontinuity of the velocity vector, wetted on both sides by the fluid and find an equilibrium position such that the pressure is continuous across them. From a practical point of view, if the prescribed vortex sheets are close to the actual ones, the evaluation of the induced velocities will be accurate to first-order, as is the case in Prandtl theory and in the transfer of the tangency condition from the actual profile to the nearby axis in small disturbance theory of thin airfoils. In this method, the prescribed vortex structure satisfies an 'equilibrium condition' by matching the absorbed rotor power with the power deficit in the far field, as will be seen later.
Another simplification consists in neglecting the rolling-up of the sheets edges, a well-known phenomena in aircraft aerodynamics associated with tip vortices that can create a hazard for small aircrafts flying in the tip vortices wake of large transport airplanes. Results indicate that keeping the sheets flat does not affect the accuracy of the simulation since the rolling-up does not change the vorticity content of the wake, only displaces it slightly.
The average axial velocity decreases behind the rotor. As a consequence, the stream tube diameter increases. The helicoidal vortex sheets would be expected to expand, however, this is not accounted for and possibly does not need to, since the rolling up of the sheets edges may counter this effect. It is believed that the rolling-up of the vortex sheets as well as the stream tube expansion are second-order effects, hence neglecting to account for them does not jeopardise the results.
The centrifugal and Coriolis forces are also neglected, which is acceptable for large wind turbines.
Free wake models have been developed in which the vortex sheets are allowed to find their equilibrium position as part of a Lagrangian iterative process in which vorticity is shed by the blades and convected downstream. Experience has shown that these methods are unstable. The vortex filaments tend to become disorganised and chaotic downstream of the rotor. Artificial dissipation is needed to prevent the calculation from diverging, which defeats the purpose of keeping the wake dissipation free, as expected with an inviscid model. Another aspect is that the number of vorticity laden particles increases with each time step and the run time per iteration increases quickly to excessive values as N 3 , where N is the number of particles. In the end, the free wake models are neither reliable nor efficient.
Discretisation of the vortex sheets
Consider a rotor rotating at speed Ω, placed in an incoming uniform flow with velocity ⃗ V = (U, 0, 0) aligned with the turbine axis. We neglect the tower interference on the rotor flow. In a frame of reference attached to the rotor, the flow is steady. The tip speed ratio is defined as T SR = ΩR/U = 1/adv, which is also the inverse of the advance ratio, adv used as main parameter for propellers. Other dimensionless quantities are defined and used below:
The '-' values correspond to dimensional quantities. T is the thrust on the tower (N ), C T the thrust coefficient, τ is the torque (N.m), C τ the torque coefficient, L ′ is the local lift force per unit span, and C l is the local lift coefficient.
Each vortex sheet such as that in Figure 7 is discretised as a lattice shown unrolled in Figure 8 to better explain the numerical scheme. The circulation Γ i,j is located at the grid points of the lattice (indicated by the circles). The blade is represented by a lifting line along the y-axis for blade 1 (thick solid line) and Γ 1,j represents the circulation inside the blade. The small elements of vorticity − → dl are located between the grid points and correspond either to trailed vorticity (in the x-direction in the presentation of Figure 8 ) or shed vorticity (in the y-direction) that is present only when the flow is unsteady. When the flow is steady, as assumed here, the circulation is constant along a vortex filament, i.e., Γ i,j = Γ 1,j , ∀i = 2, ..., ix. The vorticity is given in terms of the differences in circulation as ∆Γ i,j = Γ i,j+1 − Γ i,j for the trailed vorticity and ∆Γ i,j = Γ i,j − Γ i−1,j (= 0 here) for shed vorticity. The vortex element orientation is indicated by the arrow which represents positive ∆Γ i,j but the vector components account for the rolling of the sheet on a perfect helix. Let x i , y i , z i represent the tip vortex of blade 1
The advance ratio is made to vary linearly from adv 1 = (V + u)/ΩR at the rotor plane i = 1 to adv ix = (V + 2u)/ΩR after a few turns of the helix, then remains constant thereafter to the Trefftz plane i = ix. The mesh distribution in the x-direction is stretched from an initial value dx 1 at the blade, to some location x str ≃ 1, using a stretching parameter s > 1 as
Beyond x = x str the mesh is uniform all the way to the Trefftz plane x ix ≃ 20.
In the y-direction, the mesh is discretised with a cosine distribution
The trailed vortices are located between the mesh lines according to
Accounting for the rolling of the sheet on a perfect helix, a small element of trailed vorticity has components
whereas, a small element of shed vorticity has components
Application of the Biot-Savart formula provides the influence coefficients for the small elements, which are accumulated and stored in multidimensional arrays. A particular treatment is made for the trailed elements closest to the lifting line and at the Trefftz plane. The former extend only half a cell with origin at 1 2 (x 1 + x 2 ) (see Figure 8) , and the latter extend from ∞ to 1 2 (x ix−1 + x ix ), where a remainder accounts for the contribution downstream of the Trefftz plane. Note that in the case of the three-bladed rotor, the lifting lines themselves induce velocities on the other two (but not on themselves as straight blades). The same discretisation applies for the calculation of the lifting line contributions for a three-bladed rotor, but now the small vortex element is located along the lifting line, having components
in the case of blade 1, and ∆Γ i,j = Γ 1,j represents the circulation inside the blade.
Biot-Savart Law -induced velocities
The Biot-Savart formula reads
where d − → V i,j,k is the induced velocity of the small element − → dl at a point k along a blade. − → r i,j,k is the distance vector having its origin at the vortex element and its extremity at point k (see Figure 9 ). For a three-bladed rotor, the u-component for a blade is given by
where the first term corresponds to influence of the vortex filaments k of each blade on the control point j on the lifting line and the '˜' term corresponds to the influence of the two other lifting line elements at y k on the control point j. Similarly, the w-components are obtained from the circulation with the influence coefficients c k,j and, with straight blades and zero coning angle, c k,j = 0
Given the induced velocity components, the flow at the blade element can be analysed and the local lift found. This is an approximation that amounts to neglecting the effect of the neighbouring elements and considers each element in isolation, as if it were part of an infinite blade. Mathematically, this corresponds to neglecting the derivatives in the span direction compared to the other derivatives:
∂z . This is appropriate, as has been found, for large aspect ratio wings and blades, that is those for which the chord is small compared to the span. This approach is called 'strip theory'. 
Forces and moment
The flow is assumed to be inviscid, C d = 0. At the blade element j the flow configuration is as depicted in Figure 10 . The local incidence is
where ϕ j is called the flow angle and t j is the angle of twist at the element. The local lift coefficient is obtained from the result of thin airfoil theory or from an experimental or numerical profile lift curve C l (α). In thin airfoil theory, the lift is given by
d c is the profile mean camber defined as 
where dimensionless quantities have been introduced. − → j is the unit vector along the y-axis and Γ < 0 in Figure 10 . Upon adimensionalisation of the lift, the circulation is obtained as
The contribution of the blade element to thrust and torque can now be derived. Projection in the x-direction gives
or, upon integration
In dimensionless form
Projection of the lift force in the z-direction and accounting for the distance from the axis, the torque contribution reads
which integrates to give
or, in dimensionless form
These results are for one blade. Total thrust and torque must account for all the blades.
Wake equilibrium condition
The power absorbed by the rotor is also estimated by using the torque evaluation and the speed of rotation as
The vortex sheets are considered in 'equilibrium' when the power absorbed by the rotor matches the power deficitẆ s in the far wake obtained from actuator disk theory, i.e., with the current notation
This is a cubic equation for the average axial induced velocity u at the rotor
The solution procedure consists in recalculating the solution with an updated vortex structure until it satisfies the equilibrium condition to acceptable accuracy (|∆C τ /C τ | ≤ 10 −3 ).
Aerodynamic design of a rotor blade -Betz minimum energy condition
Formulation
The minimum energy condition of Betz (1919) refers to the optimum conditions which lead to the minimum loss of energy in the slipstream. It applies equally to propellers and wind turbines. For the latter, the optimum distribution of circulation Γ(y) minimises the torque (negative) for a given thrust on the tower. The simple argument of Betz is that, in this case, an elementary force
) dy should produce a constant elementary torque δC τ = 2 π Γ(y) (1 + u(y)) ydy, independent of y. Hence the minimum energy condition of Betz reads
This is true only for vanishing circulation and induced velocities, as will be shown later. By analogy, lets consider the problem of the optimum wing loading in Prandtl lifting line theory. Given that the lift and induced drag are
where w(y) is the downwash (negative),
Munk (1921) showed that, for the optimum loading, the downwash w has to be constant, else, moving a small element of lift (elementary horseshoe vortex) δC L = 2δΓdy from its current position y 1 to a position y 2 such that δw = w(y 2 ) − w(y 1 ) > 0, would not change the total lift, yet would change the induced drag by δC Di = −2δΓδwdy < 0, a decrease in total drag, indicating that the distribution is not optimal. In other words, for an elementary δC L = 2Γdy, the induced drag δC Di = −2Γ(y)w(y)dy should be independent of y, which implies that w(y) = const. A more mathematical proof consists in considering the objective function
consisting of the induced drag to be minimised for a given lift, where λ is the Lagrange multiplier. Taking the Frechet derivative yields the minimisation equation that must hold for any change δΓ of circulation. The Frechet derivative can be defined as the limiting process
The result is linear in δΓ. It represents the derivative of F with respect to Γ, in the direction of δΓ. Here we obtain:
But the kernel of w(Γ) is antisymmetric. Hence, integration by part twice using the fact that Γ(±1) = δΓ(±1) = 0, yields the identity
Indeed, consider the second term in the integral above. By definition of the Frechet derivative of w(Γ) in the direction δΓ
A first integration by parts in η yields
The integrated term vanishes to leave after a second integration by parts in y I = − 1 4π
Again, the integrated term vanishes and the second term, thanks to the antisymmetry of the kernel 1 y−η , can be interpreted as
Finally, the minimisation equation reduces to
The solution is simply w(y) = λ = const., as obtained by Munk with his simpler argument. The antisymmetry of the kernel simply indicates that two elementary horseshoe vortices of same intensity placed at y 1 and y 2 induce downwash that are opposite at the other horseshoe location. This is not the case with a wind turbine wake, because two vortices along the helix will have different shapes depending on their initial y-location at the blade, hence induced velocities u or w are not related. Let y v , z v be the equation of the vortex sheet of blade 1
A vortex filament corresponds to a fixed value of η. Two such vortices are shown in Figure 9 . The kernel for u and w does not have the antisymmetry property for the helicoidal vortex sheet as can be seen from the formula
The objective function for the optimum turbine blade reads
stating that the search is for minimum torque (negative) for a given thrust on the tower at a given tip speed ratio and blade root location y 0 . The minimisation equation is derived for one blade as
= 0, ∀δΓ The terms such as Γ(y) ∂u ∂Γ (δΓ) cannot be transformed in this case, however, choosing δΓ = Γ yields the following identity
the interpretation of which is that the optimum solution satisfies the minimum energy condition of Betz, in the Trefftz plane, 'in the average', with Γ as weighting factor. For a tip speed ratio T SR = 2.9, the design of a two bladed-rotor at (C l ) opt =0.8979 with very light loading demonstrates that the minimum energy condition of Betz is verified. The thrust coefficient is C T = 0.0032, the corresponding value of the Lagrange multiplier is λ = 0.3433 and the power coefficient C P = 0.0031. For a higher loading, corresponding to the two-bladed NREL rotor at the same T SR and C T = 0.205, one finds λ = 0.254 and C P = 0.1768. The deviation from the Betz condition, e(y) = (y tan ϕ(y) − λ)/λ, is shown in Figure 11 . As can be seen, for lightly loaded rotor, the Betz condition is satisfied, but it is no longer the case when loading is more realistic. 
Discretisation
The discrete formulation is now described. The influence coefficients are calculated as
with the notation introduced earlier and in Figure 9 . The contributions to a j,k and c j,k of the vortex filament part that is beyond the Trefftz plane are approximated by the following remainders
The torque and thrust coefficients are discretised as
Each contributes to the minimisation equation
Boundary conditions complete the formulation with Γ 1 = Γ jx = 0 The minimisation equation
is a linear, non-homogeneous system for the Γ j 's that can be solved by relaxation. Let, ∆Γ j = Γ n+1 j − Γ n j be the change of circulation between iterations n and iteration n + 1, and ω the relaxation factor. The iterative process reads
With jx = 101 and ω = 1.8 the solution converges in a few hundreds iterations. Note that if λ = adv the system is homogeneous and the solution is Γ j = 0, ∀j, which corresponds to zero loading of the rotor that rotates freely and does not disturb the flow. This is called 'freewheeling'. For a given λ the solution corresponds to a certain thrust. In order to find the value of the Lagrange multiplier that will correspond to the desired value of the thrust coefficient, say C T target , C τ and C T are decomposed into linear and bilinear forms in terms of the Γ j 's
C τ 1 and C T 1 are homogeneous of degree one. C τ 2 and C T 2 are homogeneous of degree two. Using the properties of homogeneous forms, the summation of the minimisation equations multiplied each by the corresponding Γ j results in the identity
which is the discrete analog of the optimum condition derived earlier.
If one assumes that the optimum distributions of circulation for different C T target vary approximately by a multiplication factor, then knowing the solution Γ j for a particular value of λ (say λ = 0) allows to find a new value of the Lagrange multiplier as follows. Change the Γ j 's to new values κΓ j . In order to satisfy the constraint one must have
Solving for κ yields
The new estimate for λ is obtained from the above identity as
This procedure is repeated two or three times to produce the desired solution. Once, the optimum circulation is obtained, the chord distribution is given by
where (C l (α)) opt corresponds to the point α on the polar such that C l /C d is maximum. The twist distribution results from
Viscous correction
The viscous effects are considered a small deviation of the inviscid solution at the design point. In particular, the design lift distribution along the blade is such that C l (y) < C l max . The viscous torque and thrust coefficients, C τ v and C T v are added to their inviscid counterparts. For one blade
In discrete form
where the 2-D viscous drag coefficient, C dv k , is approximated locally by a parabola (Chattot, 2003) . The viscous polar, C l vs. C dv is obtained from experimental measurements or numerical simulation, as a data set {C dv m , C l m , α m } where m is the index corresponding to the α-sweep. The viscous drag is locally given by
The optimisation proceeds along lines similar to the inviscid case. First an inviscid solution is obtained. Then the viscous correction is performed. κ is defined as before, with C T 1 replaced by
where the viscous contributions have been decomposed into three terms, independent, linear and quadratic functions of Γ as
The inviscid and viscous distributions are compared in Figures 12 and 13 , for T SR = 2.9 and C T target = 0.205. As can be seen, the effect of viscosity on the geometry is very small, however, the efficiency drops 3.5% from η = 0.177 to η = 0.171. 
Analysis of the flow past a given rotor
In this section, we consider the problem of calculating the flow past a given rotor. This is particularly useful to assess the performance of an optimum rotor at off-design conditions. Here, the blade sections will have variable working conditions in terms of α(y), with the possibility, on part of the blade, for incidences to be larger than the incidence of maximum lift, i.e., α > (α) Cl max . In other words, part of the blade may be stalled. This will typically happen at small T SR's.
Formulation
With reference to Figure 10 , given a data set {C dv m , C l m , α m } that characterises the blade profile viscous polar, the governing equation simply reads
where α(y) = ϕ(y) − t(y). The chord c(y) and twist t(y) distributions are given. The incoming velocity is q(y) = √ (1 + u(y)) 2 + ( y adv + w(y)) 2 and Γ is the unknown circulation (Γ < 0). In discrete form this reads
dα > 0 and the simple, partial Newton linearisation gives a converging algorithm
where
∆u j and ∆w j are given by the induced velocity coefficients associated with
ω is the relaxation factor and can be chosen up to ω = 1.8. It is found that the coefficients a j,j − a j−1,j + a j,j < 0 and c j,j − c j−1,j > 0 so that the linearisation contributions reinforce the diagonal of the iterative matrix underlying the relaxation method (Chattot, 2004a) . With jx = 101 this typically converges in a few hundreds of iterations.
Algorithm for high incidences -regularisation of the solution
In relation to Figure 10 , with decrease in T SR or equivalently with increase in adv, the incidence of the blade element increases. When α j ≥ (α) Cl max , the sign of the lift slope changes to dC lj dα ≤ 0, which destabilises the algorithm. This simply reflects that multiple values of α exist for a given C l , therefore it is necessary to regularise the solution to make it unique. This can be done by adding an artificial viscosity term to the right-hand-side:
where µ j ≥ 0 is the artificial viscosity coefficient. A test case with exact solution, based on the lifting line theory of Prandtl and a 2-D lift coefficient given analytically by C l (α) = π sin 2α, for a wing with elliptic planform and equipped with a symmetric profile, has shown that this approach gives excellent results for the complete range of α ′ s, from zero to π 2 (Chattot, 2004b) . The artificial viscosity coefficient is given by
and the equation now reads
Now, the relaxation factor needs to be reduced to a value less than one, say ω = 0.3, depending on the polar smoothness. The need for the smoothing term is highlighted with a calculation of the two-bladed NREL rotor ( Hand et al., 2001 ) at T SR = 3.8. The S809 profile that equips the blade is represented by the viscous polar calculated with XFOIL (Drela, 1989) , for which one finds (α) Cl max = 17.5 deg. At this low T SR the blade is stalled from y = 0.35 to almost y = 0.6. The blade elements working conditions for the converged solution obtained with the artificial viscosity term are shown in Figure 14 with the profile polar. The circulation and incidence distributions, although converged for µ = 0, show large oscillations which are unphysical, Figure 15 . 
Validation
A series of calculations has been performed with the design and analysis codes in order to assess their capabilities and performances. First, the analysis code has been used to predict the power captured by the NREL rotor for a range of T SR values and compare the theoretical results with the experimental measurements performed in the NASA Ames 80' × 120' wind tunnel (Hand et al., 2001 ). The range in wind velocities is from 5 m/s to 20 m/s. The results are shown in Figure 16 , the large circles corresponding to the experiments and the small squares to the vortex model prediction. As can be seen, the model predicts the power coefficient accurately for high T SR values, when the flow is attached, but for T SR < 3.3 much of the blade is stalled and the prediction becomes poor.
Secondly, for four values of the tip speed ratio, T SR = 2.9, 3.3, 3.8, 4.6, four rotors are designed with the optimisation code each at the T SR and at the same C T coefficient corresponding to the value of the NREL rotor thrust on the tower. These results are shown as large squares in Figure 16 . In all cases, the optimum rotor improves the power capture of the rotor by a significant amount. Then, for each of these rotors, the geometry has been kept fixed and the tip speed ratio varies to investigate off-design performance. The dotted lines in Figure 16 show the results of this study. It is clear that the optimum rotor does not perform well at high T SR compared to the NREL rotor. However it must be noted that the power captured in that area is small and the benefit is really for low T SR's, because the power increases proportionally to V 3 and most of the energy resides in T SR < 3.3. It must be also noted that rotor blades have a variable pitch that can be used to compensate for the change in wind speed, a feature that has not been used in this study. In conclusions, it has been found that the analysis code performs well and is efficient and reliable when the flow is attached. This is consistent with the results obtained with the Prandtl lifting line theory applied to wings of large aspect ratios. When significant amount of separation occurs on a blade, the results are no longer accurate. The viscous effects tend to introduce strong blade-wise gradients that are not predictable with a 2-D viscous polar and strip theory. Attempts have been made at modifying the polar to account for these effects, using the experimental data as a guide, but the results remain limited to the particular rotor and wind velocity to which the viscous polar have been tuned. A more productive approach is the hybrid method, to be described later, which consists in using a Navier-Stokes solver to capture the viscous effects in the blade near field and the vortex model for the far field and boundary conditions of the Navier-Stokes code.
Unsteady flow simulation
The most commonly considered sources of unsteadiness in wind turbine flow are yaw and tower interference. Wind turbines can pivot on the tower to face the incoming wind. The control system is designed to correct for non zero yaw deviations, but yaw cannot be maintain to zero at all times. It is therefore important to understand the effect of yaw on the forces and moments in the blades in order to estimate fatigue life of the rotor structure subjected to this low frequency solicitations. For the same reason, it is necessary to estimate the rapid load changes that occur when a blade is passing in front of or behind the tower, as this is both a source of fatigue but also of noise.
For this analysis, we have to take into account the following new requirements:
• the blades have different loading and circulation distributions, Γ i=1,j,n , n = 1, 2 or 3 for a two-or three-bladed rotor
• the circulation on the vortex sheets varies with both i and j along the vortex lattices
• the blades shed vorticity that is convected downstream with the flow
• the incoming flow contributes to the axial and azimuthal components in the rotating frame.
In other words, the circulation is no longer constant along a vortex filament. For this reason, each small element of the vortex lattice carries vorticity that varies in time and space and its individual contribution can no longer be accumulated with those along the same vortex filament. For a three-bladed rotor, the induced u-velocity component is calculated as
where the first three terms correspond to the trailed vorticity influence of the vortex sheets of blades 1, 2 and 3 on blade 1, the next three terms are the contributions of the shed vorticity, and the last two '˜' terms correspond to the influence of the lifting lines 2 and 3 on blade 1. Similar formula hold for blades 2 and 3 due to the symmetry in the geometry of the blades and vortex sheets. Similarly, the w-components influence coefficients are stored in arrays c i,j,k,n , n = 1, ..., 6. Note that in this approach, the vortex sheets are not displaced or distorted by yaw or tower interference, which limits the yaw angle to approximately 20 deg maximum.
The vortex sheet is that which corresponds to zero yaw and no tower modelisation and is called the 'base helix'. It is depicted in Figure 17 .
One of the nice features of this approach is that the flow becomes periodic shortly after the initial shed vorticity has crossed the Trefftz plane, that is for a dimensionless time T ≥ xix (1+2u) or a number of iterations n ≥ xix (1+2u)∆t = xix ∆x .
Effect of Yaw
The procedure to calculate the circulation at the blades is unchanged. Once the induced velocities are obtained, the local incidence of the blade is found and the steady viscous polar searched for lift and drag. The local blade element working conditions now depend on the yaw angle β and the azimuthal angle ψ measured to be zero when blade 1 is in the vertical position. The lift provides the circulation according to the Kutta-Joukowski lift theorem
where q j,1 is the local velocity magnitude, c j the chord and C l j,1 the local lift coefficient for blade 1.
The new equation that governs the unsteady flow physics is the convection of the circulation along the wake
where 2u is the average axial velocity at the Trefftz plane as given by the actuator disk theory and is used from the rotor disk, but could be made to vary as is done for the pitch of the helix. This equation is solved with a two-point semi-implicit scheme:
This scheme is unconditionally stable for θ ≥ −3 to a constant step ∆x = (1 + 2u)∆t from approximately x = 1 to the Trefftz plane, such that the CFL number is one along that uniform mesh region. This feature, together with θ = 1 2 provides the nice property that the circulation is convected without dissipation or distortion all the way to the Trefftz plane (perfect shift property) (Chattot, 2006) .
Tower interference model
Two configurations are considered in this section, one in which the rotor is upstream of the tower and the other in which it is downwind of the tower. These situations are quite different from a physical point of view. In the former, the inviscid model is appropriate and the tower interference consists in a blockage effect due to the flow slowing down and stagnating along the tower. In the latter, the blade crosses the viscous wake of the tower, a region of rotational flow with low stagnation pressure, the extent of which as well as steadiness characteristics depend on Reynolds number.
In the upwind configuration, the tower interference is modeled as a semi-infinite line of doublets aligned with the incoming flow. One can show that the velocity potential for such a flow is given by
where r = r/R is the dimensionless tower radius. The coordinate system is aligned with the wind, the X-axis being aligned and in the direction of the incoming flow, the Z-axis being vertical oriented upward and the Y -axis completing the direct orthonormal reference system (see Figure 17 ). (2002) is used. The above potential model of the tower is applied almost everywhere, but when a blade enters the narrow region |Y | ≤ 2.5 r corresponding to the tower shadow, the tower induced axial velocity is set to Φ X = −0.3V and the other two components are set to zero. The velocity field induced by the tower is given by ∇Φ = (Φ X , Φ Y , Φ Z ). In the rotating frame, a point on blade 1 has coordinates (0, y j , 0). Let d = d/R be the dimensionless distance of the rotor from the tower axis. A negative value indicates upwind configuration, while a positive value indicates downwind case. In the fixed frame of reference, such a point has coordinates given by
Using the same transformation, the tower-induced velocities at the blade can be calculated with the help of the components of the unit vectors in the rotating frame:
where 
Validation
The helicoidal vortex model has been applied to a large number of cases, steady and unsteady, from the two-bladed rotor NREL S data sequence, in order to explore the domain of validity and assess the accuracy of this approach (Hallissy and Chattot, 2005) , see Table 1 . In the experiments, the rotation speed of the turbine was held constant at 72 rpm, thus velocity was the main control parameter to vary the T SR. As velocity increases and T SR decreases, stall affects a larger and larger part of the blades. In steady flow conditions (β = 0), incipient separation occurs around 8 m/s and then spreads to the whole blade above 15 m/s. This is shown in Figure 18 where the top graph indicates with dots the points along the blade where stall occurs. The bottom plot shows the steady power output comparison with the experimental data. As can be seen, the agreement with the power output is excellent until V = 8 m/s, that is until there is separated flow on the blades.
The effect of yaw on power is analysed. The flow at yaw is periodic and the average power is calculated and compared with the average power given in the NREL database. The results are shown in Figure 19 . Good results are obtained with the vortex model for yaw angles of up to β = 20 deg. This is consistent with the approximate treatment of the vortex sheets. 
Hybrid method
Euler and Navier-Stokes solvers employ dissipative schemes to ensure the stability of the computation, either built into the numerical scheme or added artificially as a supplemental viscosity term. The dissipative property of those schemes works well with discontinuities such as shock waves, but has an adverse effect on discontinuities such as contact discontinuities and vortex sheets. It has been known for a long time that these schemes dissipate contact discontinuities associated with the shock-tube problem and vortex sheets trailing a finite wing, helicopter rotor, propeller and wind turbine. In the case of turbine flow, the influence of the vortex sheets is rapidly lost, which has an effect on the blade working conditions by not accounting for induced velocities contributed by the lost part of the wake. On the other hand, the vortex model described earlier can maintain the vortex sheets as far downstream as needed, but cannot handle large span-wise gradients resulting in particular from viscous effects and separation.
In the rest of this section, we will present some results of the hybrid method which consists in coupling a Navier-Stokes solver with the vortex model, the former being limited to a small region surrounding the blades where the more complex physics can be well represented, and the latter being responsible to carry the circulation to the far field and impress on the Navier-Stokes' domain outer boundary the induced velocities accurately calculated by the Biot-Savart law. This new approach has been found to be both more accurate and more efficient than full domain Navier-Stokes calculations, by combining the best capabilities of the two models. The coupling procedure is described in Figure 20 . It consists in calculating the Navier-Stokes solution with boundary conditions that only account for incoming flow and rotating frame relative velocities at the outer boundary of the domain. The solution obtained provides, by path integration, the circulation at each vortex location along the trailing edge of the blade and the Biot-Savart law allows to update the velocity components at the outer boundary of the Navier-Stokes region by adding the wake-induced contributions. This closes the iteration loop with a new Navier-Stokes solution. It takes approximately five cycles for the circulation to be converged with |∆Γ| < 10 −5 . As an ideal test case for the hybrid methodology, an optimised turbine blade of a two-bladed rotor was designed with the optimisation vortex code and analysed with the coupled solver at the same design conditions for which the flow is attached and viscous effects are minimum. The results of inviscid and viscous calculations are compared with the vortex code on the global thrust, bending moment, torque and power as well as spanwise distributions in Table 2 . The global results are in excellent agreement with less than 1% difference in power in the inviscid simulation and 7% in the viscous one. The comparison is also excellent for torque and bending moment distributions as shown in Figure 21 for inviscid and viscous cases. The true benefit of the hybrid code resides in the simulation of the flow past a rotor when blades experience significant viscous effects that trigger large spanwise gradients. The strip theory assumption no longer holds and the flow becomes truly three-dimensional on the blade and cannot be accurately described by 2-D viscous polars. The NREL test results have been a remarkable resource for evaluation of code prediction capabilities, ranging from simpler, steady, attached flow cases at low speed, to more challenging separated flows at higher speeds, as well as unsteady flow in presence of yaw and tower interaction. The hybrid method has been very successful at capturing the formation of a separation bubble on the suction side of the blade at about 9 m/s, located at the 30% blade span, that evolves into a 'tornado vortex' rotating counter to the root vortex, see Figure 22 . The view is of the upper surface of the blade (suction side), with the blade root on the left and the blade tip on the right. At 7 m/s the flow is fully attached. The cross-section by a plane perpendicular to the wake, a short distance of the trailing edge, displays the root vortex rotating clockwise and tip vortex rotating counter-clockwise, visualised with the spanwise velocity component v. As the incoming velocity increases to 9 m/s, the wake of the blade, not visible before, now can be seen spanning the whole blade and a more defined structure appears at the 30% location. The latter evolves into a strong vortex at 10 m/s whose counter-clockwise sense of rotation is opposite to that of the root vortex. At the higher speed of 11 m/s, the whole blade is stalled, yet the tornado vortex, as it has been called, has grown and has possibly produced another vortex at its lower right, rotating clockwise (Schmitz and Chattot, 2007) . 
Perspectives
The design of blades is still a major task for manufacturers. Aerodynamics and structures are intimately associated in this process, to account for fabrication cost, transportation/installation, maintenance and fatigue life. Steady flow modelisation remains the primary preoccupation of the designers, while unsteady effects contribute to the overall system performance assessment.
The importance of unsteadiness and its modelisation in wind turbine aerodynamics is greater than ever before, in large part due to the larger size of the blades and their greater 'softness' or flexibility. Advanced designs are contemplated that incorporate blade sweep and winglets with a view to improving the performance and power capture (Chattot, 2008) . Composite materials allow for these increases in size and complexity, but also decreased stiffness. The question of fatigue has therefore become more relevant as the blades are subject to more vibrations, bending and twisting. 
The vortex model has the potential of providing useful capabilities for the simulation of aeroelastic phenomena. Some work has already been carried out in this direction (Chattot, 2007) . More work needs to be done to obtain a realistic simulation tool that is cheap and reliable, and operates directly in the time domain, in contrast to the many approaches based on eigen-frequencies and eigen-modes in the frequency domain with highly simplified aerodynamics. The hybrid method would be a natural candidate for the extension to fluid/structure interaction when viscous effects are important.
